We propose a new method to measure Casimir-Polder force in an optical cavity by means of atomic excitations. We utilize a framework in which Unruh-DeWitt Hamiltonian mimics the full matter-field interaction and find a connection between the excitation rate of the two-level atom and the Casimir-Polder energy, allowing to map one onto the other. We argue that such a realization opens a route to study Casimir-Polder potentials through measurement of excited state's population in large, spatially compact ensembles of atoms.
I. INTRODUCTION
The idea of light quantization is one of the cornerstones of the quantum theory. Among many of its proofs, experiments involving a weak electromagnetic field played a crucial role in establishing the consensus. The seminal paper of Casimir and Polder shows that even in the limit of a photonless state -the quantum vacuum -a neutral atom near a dielectric wall feels a force mediated through the quantum fluctuations [1] . Not before 1990s was such a behavior experimentally demonstrated, providing another confirmation of the quantization of the light and opening perspectives on investigating the quantum vacuum [2] [3] [4] .
The presence of Casimir-Polder forces was demonstrated in various setups, involving different types of plates, from conducting to dielectric ones, and different types of probes, from atomic, through mechanical, to Bose-Einstein condensates [5] [6] [7] [8] [9] [10] [11] . In most cases, Casimir forces are attractive, however it was proposed that a repulsive character of the interaction is also possible [8, [12] [13] [14] [15] , as recently showed experimentally [16] .
The QED minimal coupling is usually a model of choice in describing Casimir phenomena, however there are others, providing an effective description of the electromagnetic field. One of the minimal models allowing system to exhibit both attractive and repulsive character of Casimir force is the Unruh-DeWitt (UDW) model [17] in the optical cavity [18] .
Routinely used as a pointlike particle detector in the quantum field theory [19] [20] [21] [22] [23] , UDW model constitutes of a two-level atom coupled to the scalar field. Despite being noticeably simpler than the full QED Hamiltonian, it was shown to be a reasonable approximation to the atomfield interaction when no orbital angular momentum is exchanged [24] . Moreover, it was used to study Casimir-Polder forces [25] [26] [27] [28] .
In this work, we analyze UDW model in the optical cavity, focusing on the following two aspects. Using the second order perturbation theory, we calculate the Casimir-Polder (CP) potential as a function of the atom's position in the cavity. We find that under some assumptions, it is intrinsically connected to the excitation probability of the two-level system that models the atom. As a consequence, we propose a simple experimental scenario of measuring the CP force by means of the atomic excitations in a Bose-Einstein condensate placed near the wall.
The work is structured as follows. In Sec. II we introduce the model, underline its connection to the full QED interaction Hamiltonian, and compute both CP potential and the excitation rate of the UDW detector. In Sec. III we find the connection between the two and present the toy experimental proposal. The final Sec. IV concludes the manuscript with the recapitulation and the outlook.
II. MODEL
We will work in natural units, = c = e = 1. Let us consider a scalar field of a mass m governed by the Klein-Gordon equation:
in the cavity with a length of L fulfilling Dirichlet boundary conditions,φ(x = 0) =φ(x = L) = 0 with the following mode solutions:
where ω n = k 2 n + m 2 , k n = nπ L , n ∈ Z. Using these modes, the fieldφ can be decomposed as:
whereâ n andâ † n are annihilation and creation bosonic operators satisfying the canonical commutation relations, â n ,â † k = δ nk and [â n ,â k ] = â † n ,â † k = 0.
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In the distance d from the boundary let us place a two-level system corresponding to the simplest model of an atom with an energy gap Ω. Such a description approximates e.g. a hydrogen atom which is not placed in a strong classical background field and therefore no transition is resonantly coupled to the cavity. As we are interested in working with the vacuum state of the cavity, this proves to be a valid approximation.
Then, the full Hamiltonian of the considered model includes free Hamiltonians of the scalar field and of the atom, and the term accounting for the interaction between both of them,Ĥ I . One of the simplest possible choices of the interaction between the scalar field and the two-level system is the pointlike Unruh-DeWitt Hamiltonian. In the Schrödinger picture it takes the following form:Ĥ
where λ -dimensionless coupling constant,μ S -the monopole moment of the detector,μ S =σ + +σ − = |g e| + |e g|, where |g is the ground state of the twolevel system and |e is its excited state. Moreover,φ(x) is the scalar field operator evaluated at the point at which the pointlike detector is placed. In the spirit of electromagnetic field considerations, this first order term would be called a paramagnetic one. This simple model of interaction can be extended to a more realistic form including the second order term in the Hamiltonian corresponding to a diamagnetic, selfinteraction term of the full QED Hamiltonian. This quadratic term of the Unruh-DeWitt Hamiltonian has the form:
It is worth to notice that such a term does not change a detector state. At this point, let us revoke some key results from Refs. [24] that compare QED Hamiltonian and UDW one. The minimal electromagnetic coupling in the Coulomb gauge reads:
The main difference is the vector character of the EM interaction in contrast to the scalar one that we consider. However, a scalar field can be readily utilized to describe electric and magnetic contributions separately, given appropriate boundary conditions. Indeed, such a description has been used to analyze Casimir-Polder interaction in the past. It has to be noted that such a scalar model does not allow any exchange of the orbital momentum, however we retreat to the simple case of atomic transitions that obey this rule. As mentioned above, the QED Hamiltonian consists of two terms -paramagnetic and diamagnetic ones. The simplified light-matter interaction Hamiltonians often neglect the second term while working with weak fields. The minimal coupling in the vacuum implies interaction only with the quantum fluctuations < A 2 >. However, in the vacuum, the value of < A 2 > depends on the region in which an atom resides -or in the language of quantum field theory -on the region these quantum fluctuations are smeared over. It happens that while approaching a limit of a pointlike atom (detector), this variance diverges. So, it introduces a necessity to allow for a finite size of the atom, unlike in the simple UDW model.
In the original Casimir and Polder paper, such a problem was also present -it was taken care of by the means of introducing a regularizing factor e −γk in the integrals over momentum space. However, we follow a procedure used by [24] , where an explicit spatial form of the ground state of the atom is assumed:
where a 0 is some characteristic length associated to the spherically symmetric atomic profile (meant to be of the order of magnitude of Bohr radius). Such an approach modifies the UDW Hamiltonian by effectively coupling the detector to an effective field,
where
are Fourier transforms of the spatial profile (7) evaluated at momentum k n . Such a momentum-space profile is typical for zero angular momentum orbitals and can describe the simplest case of a hydrogen atom and its lowest transition, 1s → 2s. The next simplification of the UDW model involves assuming equal contributions from both of the nondiagonal parts of the Hamiltonian acting on the space spanned by the internal states of the atom. In a general case, their relative weight can be unequal, but in the case of a spherical symmetry of both the ground and the excited states, they happen to be equal.
The other difference between QED and UDW Hamiltonians come from the fact that in the former the relative strength of para-and diamagnetic terms is given explicitly. It is not the case in the latter, as it has to be computed for specific profiles of the ground and the excited states. It can be done, however we will take the advantage of our model by considering a general, dimensionless parameter quantifying this relative strength.
Combining all of these considerations, we finally get the extended version of the UDW Hamiltonian that mimics the QED one:
where α is a dimensionless constant and a free parameter to tune the relative strength between para-and diamagnetic terms. Energy Ω is introduced here to provide the correct units. Such a Hamiltonian can effectively mimic some forms of the full QED interaction [24] . It has to be noted that such a Hamiltonian is only a one-dimensional toy model that is utilized to model the qualitative effects coming from the full electromagnetic one. By keeping free parameters λ and α explicitly in the calculations, we will show that some interesting conclusions stay the same for their arbitrary values.
A. Casimir-Polder potential
The first step is to find how the full energy of the system changes with the position of the atom in the cavity. The difference between this full energy, E, and the sum of the ground state energies of noninteracting cavity and the atom, E 0 , is called the Casimir-Polder potential, E CP . The usual Casimir-Polder force acting on the atom in the fixed cavity is then understood as a spatial derivative of the Casimir-Polder potential, F = −∇E CP . We consider a system prepared in the state |g, 0 -the scalar field is in the vacuum state and two-level system is in the ground state. The system is then slightly perturbed by the extended UDW Hamiltonian (10) with λ being the perturbation parameter. We will calculate the following energy in the second order of the perturbation theory. It takes form:
where state |s, n , s ∈ {g, e} corresponds to the arbitrary final state of the atom and the scalar field in the state |n of energy ω n . Furthermore, Ω s is the energy of the detector in the state |s , meaning that Ω g = 0 and Ω e = Ω. Then, we have:
It is useful to note that the term f n makes E (1) convergent. The whole second-order Casimir-Polder potential then reads
One can immediately see that depending on the parameter α, the Casimir-Polder potential, and consequently Casimir-Polder force can be either positive or negative. It confirms the usual phenomenology in which Casimir forces can be either repulsive or attractive, depending on the physical scenario involved.
B. Probability of excitation
The next step is to assume the same physical model but now with the interaction lasting for some finite time σ. As the electromagnetic interaction cannot be switched on or off, we choose to interpret the finite interaction time as a time between the creation of a setup and a destructive measurement. We aim to find the probability of measurement of the excited state of the atom, as it was initially prepared unexcited in the cavity. Therefore, we have to define the time-dependent Hamiltonian of interaction, allowing for a finite time interaction. We can modify previously showed model by adding a timedependent switching function χ(t). The modified, timedependent version of the extended UDW Hamiltonian in the Schrödinger picture has the following form:
(13) We assume that the interaction starts and ends rapidly, so that χ(t) = 1 for t ∈ (0, σ) and χ(t) = 0 for any other time. As it was mentioned before, the full Hamiltonian includes also a time-independent free scalar field and a free two-level system part. We proceed to use the Dirac picture, because the full Hamiltonian contains time-independentĤ 0 = n ω nâ † nân ⊗ Ωσ +σ− and a time-dependent interaction component coming from the Unruh-DeWitt interaction. The evolution in such a scenario is given by operator in the form: As a result of the interaction, the state of the field can be changed, however we are interested only in finding the probability of the detector's excitation. The final state after the interaction between the detector and the scalar field can be written as |e, l , where l ∈ N ∪ {0}. Using the Born rule, we can write probability of excitation p g− →e in the form:
The extended UDW Hamiltonian in the Dirac representation reads:
where:μ
Only the first part, linear in the coupling constant λ contains an operator changing the state of the detector. The second-order term does not contribute to the probability of excitation given by the equation (14), because
After some direct calculation, by plugging (15) in (14), we get:
The above result corresponds to an arbitrarily chosen time of interaction σ, but if the measurement apparatus does not have a time resolution good enough to work withing the scale of an atomic transition 1/Ω one has to consider a coarse grained version of the above formula. Such an averaged out excitation probability reads:
This new quantity is no longer dependent on the interaction time and is an explicit function of a distance from the wall. In the next Section we will show the connection between this averaged probability and the Casimir-Polder force.
III. RETRIEVING CASIMIR-POLDER POTENTIAL FROM THE AVERAGE EXCITATION RATE
We now proceed to compare both results. Both energy and probability given by Eqs. (12) and (19) are represented by infinite series. We find that contributing terms in both of these series occur only for small (in comparison to the energy gap Ω) values of n , ω n Ω. For a numerical analysis of that fact, see Appendix. Therefore, we can treat ωn Ω as a small parameter and expand both (12) and (19) up to the first subleading order:
and
where p n (x) = λ 2 f 2 n sin 2 (k n x) ω n LΩ 2 .
The universal function
that reproduces the general shape of both Casimir-Polder potential and the averaged excitation probability is shown at Fig. 1 together with its derivative, corresponding to the Casimir-Polder force. Up to the leading order in ω n /Ω, we have a proportionality between the Casimir-Polder energy and the averaged excitation probability of the atom:
The proportionality constant is a function of the energy gap and the internal properties of the atom, implicitly contained in the parameter α. Unless α is extremely fine tuned to be 1, the proportionality between E CP and p av g− →e is preserved. One has to note that here is no realistic value of α for the three-dimensional electromagnetic model of interaction between atom an the field, as the presented one-dimensional toy model is aimed only at grasping qualitative effects present in the system. However, within this toy model, taking a 0 = 10 −2 in natural units, α can be calculated to be α ∼ 1/400 [29] . It shows that at least for hydrogen-like atoms in 1D toy model, value α ∼ 1 is not a typical one.
The result (24) shows that Casimir-Polder potential can be indirectly recovered through analyzing the rate of atomic excitation near the wall. However, the probability of exciting a single atom through the interaction with the vacuum fluctuations is extremely small. It can be in some way adjusted by a proper choice of atomic species and of a proper atomic transition, however the most straightforward way is to use a large number of atoms that are placed within the same region.
The natural candidate for such an ensemble is a Bose-Einstein condensate placed near the wall of the optical cavity. Modern ultracold experiments provide a clean environment to probe such settings. The first perk is the localization of the atoms by the means of optical trapping -an ultracold sample can be placed in highly localized region of space (given by the usual Thomas-Fermi radius of BEC). The second one is a fine control over the parameters of neutral atoms involved -the size of the atomic cloud is tuned with the trapping and with the two-body interaction between the atoms, that can be effectively turned off by the means of Fesbach resonances.
Indeed, Bose-Einstein condensates have already been utilized to probe Casimir forces through their effect on the collective modes excited in the atomic cloud. In Ref. [10] a BEC of rubidium was placed near the dielectric surface and the frequency of dipole mode was probed. It allowed to measure nonzero temperature Casimir force acting on individual atoms. We, however, propose a different scheme in which the Casimir force is not directly measured through the change of the collective motion, but rather the potential itself is analyzed through the excitation of atoms.
First, the BEC is treated as a collection of a large number of individual atoms that is spatially tightly packed and well described by the Thomas-Fermi profile and not as interacting many-body system. The hydrogen-like atom assumption we have is a shortcoming, however condensates of such atoms have been produced. We stress that our aim is not to perform the full three-dimensional calculation of the realistic QED system, but rather to show that at the level of a toy model mimicking the QED, there exists a direct relation between the Casimir-Polder energy and the excitation probability of an atom involved. It is worth checking how the averaging over the typical density of BEC changes this relation.
The Thomas-Fermi single-particle density of BEC with perpendicular degrees of freedom integrated out and situated at x 0 from the boundary read:
where N -total number of atoms in the condensate and R T F -Thomas-Fermi radius. If we follow the excitation scheme in which multiple single-shot experiments measuring population of the excited state (e.g. via in situ imaging) are performed, the averaged population of excited state takes the form:
The effect of such an averaging, for different sizes of BECs is shown at Fig. 2 . It appears that averaging over the density of BEC does not introduce appreciable changes to the spatial dependence of population of excited states in comparison to the Casimir-Polder potential. Note that each curve starts at RT F due to the finite size of the BEC used as a probe. The parameters taken for the plot read: L = 1, m = 1 · 10 −3 , λ = 1 · 10 −2 , Ω = 1.
IV. RECAPITULATION AND OUTLOOK
To summarize, we have analyzed a system consisting of an atom (described by a two-dimensional Hilbert space) interacting with a scalar field within a one-dimensional cavity. We have argued that an extended version of the Unruh-DeWitt Hamiltonian coupled to the scalar Klein-Gordon field provides a qualitatively reasonable approximation to the full light-matter interaction when the vacuum state of the cavity is involved. Utilizing the second-order perturbation theory, we have calculated the Casimir-Polder energy of the system and excitation probability of the atom when placed in a fixed distance from the wall of the cavity. We have shown that up to the leading order, both of these quantities coincide with each other up to multiplicative constant depending on the internal structure of the atom. As a result, we have argued that a suitable experimental setup involving measurement of the population of the excited atomic state in e.g. ultracold system of a two-level Bose-Einstein condensate, can be used to measure Casimir-Polder phenomena. Moreover, we have checked how averaging over the BEC density affects the above-mentioned relation between CP energy and the excitation probability.
As a future line of work, a natural consequence would be a consideration a full three-dimensional system in a realistic experimental scenario. Another potential research could involve studying applicability of the Untuh-DeWitt Hamiltonian in describing neutral atoms in optical cavities.
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In this Appendix we demonstrate that the infinite series given by the (12) and (19) , can be well approximated by a sum of finite number of terms. We will include only the lowest modes of the field to the sum, so it can be called a low frequency approximation. Furthermore, we want to show that the frequency of the last mode included in the approximation sum always stays much smaller than the energy gap Ω.
Let us start from the most general case. Let us cosider a converged infinite sum S = ∞ n=1 a n . The value of S can be approximated by the S N = N n=1 a n . The bigger N is, the better approximation of the infinite series S we get. We can ask how many elements of the series need to be summed up to achieve a given quality of the approximation. To well define this problem we have to determine how to measure the quality of the approximation of the series One of the possibility is to use a fidelity (A1) Such a function tells us how big contribution to finite sum S N coming from the last element is. The smaller F N an is, the better the quality of S approximation given by S N becomes.
In the case presented above, we want to verify whether series which define Casimir-Polder potential and probability of excitation can be approximated by a sum including just N elements such that ω N is still much smaller than Ω. Using fidelity function (A1) we can find the value of the function F N En(Ω) , where E n is such that E CP = ∞ n=1 E n . To answer our question we can plot F N En(Ω=ω K ) as a function of N and K such that ω K = Ω. Similarly, for the probability of excitation we will plot F N (p g− →e )n(Ω) , where (p g− →e ) n is such that p g− →e = n (p g− →e ) n .
For simplicity, we will consider only a detector standing in the middle of the cavity. As a result, only odd modes of the field have non zero contribution to the final value. The figure 3 shows fidelity of the approximated series-defined Casimir-Polder potential and probability of excitation. We can see that the lines connecting the points of the same value of the fidelity function have a convex shape.
It turns out that for every parameter describing the quality of the approximation by a N elements sum, we can choose Ω for which ω N Ω.
For instance, let us consider the line of constant value of fidelity shown on the top of figure 3. The same value of a fidelity occurs for pair (N, K) ≈ (7, 7) and for (N, K) ≈ (12, 20) . It means that for Ω = ω 2·7+1 one has to sum N = 2·7+1 modes of the field to achieve the same fidelity as for Ω = ω 2·20+1 and only N = 2 · 12 + 1 modes.
For series-defined Casimir-Polder potential and coupling α > 1 it is even better, because lines of constant fidelity decrease with K, so the bigger Ω = ω 2K+1 is, the smaller number of modes that are needed to be summed up to achieve given fidelity is.
